Braking indices of pulsars present a scientific challenge as their theoretical calculation is still an open problem. In this paper we report results of a study regarding such calculation which adapts the canonical model (which admits that pulsars are rotating magnetic dipoles) basically by introducing a compensating component in the energy conservation equation of the system. This component would correspond to an effective force that varies with the first power of the tangential velocity of the pulsar's crust. We test the proposed model using data available and predict braking indices values for different stars. We comment on the high braking index recently measured of the pulsar J1640-4631.
INTRODUCTION
Pulsars are normally modelled as rapidly rotating, highly magnetized stars composed mainly of neutrons. It has been observed that their rotation frequencies are decaying, this spin-down being quantified by the braking index (BI), n, defined by:
where Ω is the pulsar's angular velocity and the dot denotes a time derivative. In such model, which we will refer to as canonical, the main time-varying field responsible for the loss of rotational energy in a pulsar is a magnetic dipole field (Ostriker & Gunn 1969) . Also, the canonical model predicts n=3 for all existing pulsars. There are not many pulsars for which the BI was obtained observationally (see Table 1 ). Most of their BI values lie within the range 0.9 − 2.8 (see Table 2 ). The only pulsar with index greater than three is J1640-4631, whose value, n 3.15, was recently measured (Archibald et al. 2016) . Since the canonical model fails to yield the observed BI, improvements on this model have been tried involving different theoretical approaches (Blandford & Romani 1988; Allen & Horvarth 1997; Melatos 1997; Contopoulos & Spitkovsky 2006; Magalhaes, Miranda & Frajuca 2012; Kou & Tong 2015) .
In this paper we analyse a modification of the canonical model ⋆ Corresponding author.
aiming at theoretically obtaining BI of pulsars that have already been observed. The modification consists basically on introducing a compensating component in the energy conservation equation of the system. This component would correspond to a force that varies with the first power of the tangential velocity of the pulsar's crust.
In the next section we present a summary of the canonical model followed by a description of its modified version as proposed by us. The remaining sections provide the results using the modified model and their analysis. We close the paper with our concluding remarks.
SUMMARY OF THE CANONICAL MODEL
In the canonical model the energy carried by the radiation emitted by a pulsar results from magnetic energy (E mag ), which, in turn, originates exclusively from the rotational kinetic energy (E rot ) of the neutron star, given by
where I=2/5MR 2 is the moment of inertia of a solid sphere, assumed constant. The rotation power is thuṡ
For a rotating magnetic dipole, the radiated power is given by (Griffiths & College 1999; Shapiro & Teukolsky 2008) Archibald et al. (2016) where c is the speed of light in vacuum and m is the dipole moment:
2 (cos αk+sin α cos(Ωt)î+sin α sin(Ωt)ĵ). In the canonical model the following are constant: B P is the magnetic field at the pole, R is the radius of the pulsar and α is the angle between the magnetic dipole axis and the rotation axis. The angular velocity of the pulsar, Ω, varies with time. Therefore, the equation for the time-averaged radiated power becomeṡ
Energy conservation implieṡ
which, using (2) and (3), yieldṡ
where
is a constant, with m ⊥ ≡ B P R 3 2 sin α. Therefore, the canonical model predicts a gradual slowdown of the star's rotation. Moreover, as pointed out before, using (5) in (1) one finds n=3 for all pulsars.
THE PROPOSED MODEL
In our model we will focus on the eight pulsars with BI less than three. Later we will comment on how the pulsar J1640-4631 might fit in it. For those eight pulsars, the canonical model is modelling a rotational energy dissipation larger than it actually is. Therefore, in the overall power balance in (4) an additional component may be assumed, its origin still to be determined. In this investigation we add the following effective force to the system corresponding to such component:
where b is a positive constant with dimensions of M/T and v is the tangential velocity of the pulsar's surface (at the radius r=R). This functional form was chosen due to its simplicity as the force is only proportional to the first power of the velocity. We are thus assuming that the canonical model is basically correct except for a still unknown physical context mathematically modelled by this effective force.
The work done by this force on the pulsar contributes to the energy balance and it is given by
Since the force is parallel to the tangential displacement of the surface, l, the dot product becomes an algebraic product. On the pulsar's surface dl=R dφ, where φ is the rotation angle around the rotation axis, whose time variation is the angular frequency: Ω=dφ/dt. The tangential velocity of the pulsar's surface is in the direction ofφ and has modulus v=RΩ. Therefore, F=bRΩφ, implying
The power associated with this work,Ẇ is theṅ
We now include this contribution in (4), obtaininġ
The expression for the BI in this model can be found differentiating (10) with respect to time and then isolatingΩ, yielding
Substituting (11) in (1) we found an expression for the BI that depends on φ. This dependency can be eliminated with the aid of (10) and we find the model's expression for the BI:
Note that when the force is absent, then b=0 and (5) is valid. Using these conditions in (12) results n=3, as it should be.
ANALYSIS OF THE TANGENTIAL FORCE
The expression for the constant b as a function of the BI is obtained from (12):
We will estimate values for this constant based on observational data as well as on values for the other constants in the model. Observations indicate the existence of neutron stars with masses within a range (Demorest et al. 2010) , but for the sake of estimates we adopted a typical value of (Lattimer & Prakash 2004) M=1.4M ⊙ , where M ⊙ =2 × 10 30 kg represents one solar mass. Theoretical values for the star's radius vary from about 6 to 14 km (Lattimer & Prakash 2004 ) so we adopted the usual value of R=10 6 cm. We chose sin 2 α=1 to simplify the calculations. The speed of light in vacuum was approximated by c=3.0 × 10 10 cm s −1 . As for the magnetic field, we adopted a typical value based on the canonical model: B P =10 12 G.
We applied (13) to the eight first pulsars in Table 1 and obtained the results presented in Table 2 , which show that b is mainly of the order of 10 19 kg s −1 . With this estimate we looked back at the expression for the BI, (12), which we rewrite as
Assuming b ∼ 10 19 kg s −1 , for all pulsars listed in Table 2 we find
IK Ω 2 >> 1. This allows the approximation
This result shows a direct relation among n, b and the ratio |Ω|/Ω, which is different for the pulsars as shown in Table 2 . By inspecting the values of n and b in Table 2 we noted that they are correlated despite the ratio |Ω|/Ω: for stronger effective forces (higher b) the BI are higher. For this reason we fitted a curve with their values from that table and the function that we found, with R-squared coefficient of determination equal to 94.4%, is:
which implies b=4.877253823 × 10 16 e 2.588092446 n .
Since (16) is optimized to be the best fit to the (n,b) pairs obtained from Table 2 , its intersection (n int ,b int ) with (14) is expected to be close to the actual value for the BI. We tested this hypothesis with the eight first pulsars of Table 1 and (14) can be intercepted in zero, one or two points. The results are presented in Table 2 . When no intersection occurred (as for PSR J1846-0258, which has the higher value for the ratio |Ω|/Ω) we chose the (n int ,b int ) pair in the fitted function that corresponded to the shortest distance between the curves.
When two intersections occurred and |Ω|/Ω was low (less than ∼ 4× 10 −12 s), we chose as the best representative of the BI value, n int , the one with lowest b int -value; this was the case for Vela, PSR J1734-3333 and PSR J1833-1034. Otherwise we kept both values in Table 2 knowing that the observational BI would be near one of the two the n int values; this was the case for the Crab pulsar, as well as the pulsars B0540-69, B1509-58 and J1119-6127.
The angular frequency can be correlated to the choice of one of these two values: when Ω is larger (smaller) than ∼ 100 Hz the lower (higher) value between the two n int values is closer to the observational one. For example, since the angular velocity of the Crab pulsar is high, then the lower value of n int is expected to be closer to the observational value (as it actually does). This choice is understandable when one inspects the values forΩ for these four pulsars; for instance, it is high for Crab, thus requiring a higher n int value for the corresponding |Ω|/ Ω.
The intersection between the curves, shown in Figure 1 , can be written algebraically through the substitution of (17) in (15), yielding
This equation, together with the procedures presented above for choosing n int , allows us to predict BI for other pulsars. We show our predictions in Table 3 , whose pulsars have high value forΩ, thus being perhaps good candidates for the observational determination ofΩ. Also, those pulsars have ratios |Ω|/Ω near the ones Table 2 . That equation also provides the lines for each pulsar. The line made of small diamonds corresponds to the fitted function in equation (16). The intersecion between this line and that of each individual pulsar is close to the respective symbol.
in Table 2 . In Table 3 we include our BI prediction for the high-n pulsar J1640-4631, which we shall shortly comment on.
Our predicted BI values for J1418-6058 and 1E 1547.0-5408 (also known as J1550-5418) are in agreement with the predictions by Magalhaes, Miranda & Frajuca (2012) .
In Table 3 the numbers for pulsar J1124-5916 are close to those for J1640-4631, including our predicted BI. The value n ∼ 2.95 is the largest that our model can provide. Since the latter pulsar has n 3.15, we wonder if the former would have n > 3 as well. As a generalization, perhaps pulsars that have BI close to 2.95 in our model might have n > 3.This suggests that our model may be able to indicate pulsars with BI larger than three even though it was developed for pulsars with indices less than three.
CONCLUDING REMARKS
We analysed a modification of the canonical model for pulsars' spin-down that introduces an effective force that is tangential to the star's rotation motion. Our goal was to provide more precise predictions of pulsars' BI. The effective force involves all yet unknown physical contributions that make pulsars' BI less than three. Our results were possible assuming that the pulsars have the same (typical) values for some physical characteristics, like mass and radius.
We used eight pulsars with observed BI to calibrate the model. Also, we discovered an extra relation between the BI, the ratio |Ω|/Ω and the tangential force constant of a pulsar which enabled us to make predictions of BI of other pulsars.
The results that we found are applicable to pulsars with |Ω| larger than 10 −11 rad s −2 and with |Ω|/Ω near the range 1 -25 × 10 −12 s −1 . In order to improve the model, it is important to find Table 2 . The values for the force constant, b, were obtained from equation (13) using observational values for the braking index, n, found in the references listed in Table 1 . The values for the braking indices n int were obtained from the intersections of the fitted braking index function, (16), and the braking index expression of the model, (14). The respective value of the (n,b) pair at the intersecion is b int . The percentual error (ǫ) modulus compares n int to the observational value displayed in Archibald et al. (2016) physical details about the effective force. Its mathematical structure is simple and general, allowing different physical possibilities for its origin. By using in our model data of the high-n pulsar J1640-4631 we found evidence that the model can also indicate pulsars with BI larger than three. 
